Factorization Theorem for the Transfer Function Associated 
with an Unbounded Non-Self- Adjoint 2x2 Operator Matrix 

V. Hardt, R. Mennicken, A. K. Motovilov 



We construct operators which factorize the transfer function associated with a non- 
self-adjoint 2x2 operator matrix whose diagonal entries can have overlapping spectra 
and whose off-diagonal entries are unbounded operators. 



Introduction 



In the present work we extend some of the results of Refs. [ HMM1 , HMM2 
obtained for a class of unbounded self-adjoint block operator matrices to the case 
where these matrices are unbounded non-sclf-adjoint operators. 
Throughout the paper we consider a 2 x 2 block operator matrix having the form 

(1.1) tfo=(^ % 

and acting in the orthogonal sum H — Ha © He of separable Hilbert spaces Ha 
and He- The entry C is a possibly unbounded self-adjoint operator in He on the 
domain dom(C). This operator is assumed to be semibounded from below, that 
is, 

(1.2) C>A C for some Ac G M. 

In the following we assume without loss of generality that the lower bound Ac for 



the entry C in the assumption (1.2) is positive, 

Ac > 

(otherwise one could simply shift the origin of the spectral parameter axis). The 
entry A is supposed to be a bounded and not necessarily self-adjoint operator in 
H A , that is, A G B{H A ). 
Regarding the couplings B and D we assume the following hypotheses: 

(i) D is a densely defined closable operator from dom(D) C Ha to He such that 
the product C~ X I 2 D admits extension from dom(D) to the whole space Ha 
as a bounded operator in B(H A ,Hc)> 



(ii) B is a densely defined closable operator from dom(i?) C He to Ha such that 
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(1.3) dom(S) D dom(C 1/2 ). 

Since dom(C 1 ^ 2 ) D dom(C), these assumptions imply that the matrix Hq is a 
densely defined closable operator on the domain dom(H ) = dom(D) © dom(C). 
We denote its closure by H, that is, H = H . 
From the assumption (i) one infers that 



D := C-V*D S B(H A ,H C )- 
Also one concludes from (i) that 

C dom(C 1/2 ) 



D 



dom(D) 



and 

D = C 1/2 D 

dom(D) 

At the same time the assumption ( |1.3| ) yields that the product B := BC^ 1 ! 2 
is a bounded linear operator between Tic and H.a, i-e. B € B(T-Ic,'Ha), and 
B ldom(CV2) = BC 1 / 2 . 

In addition, the hypotheses (i) and (ii) imply that for z in the resolvent set 0(C) 
of C the operator- valued function A — z — B(C — z)~ x D is densely defined on 
dom(D) and admits a bounded extension onto the whole space 1~La ■ We denote 
this extension by M(z), 



(1.4) M(z) := A-z-B(C-z)~ l D, 

and call it the transfer function associated with the operator H . By definition 

^(*)ldom(z» = A-z-B^-zY^D 

= A- z-BC 1/2 (C - z)- 1 C ll2 b 
= A-z + V(z), 

where 

(1.5) A:=A-BD and V(z) := z B(z - Cy 1 D. 

Meanwhile A is a bounded operator on H.A while V(z), z E 0(C), is an operator- 
valued function with values in B(TLa)- Then it follows that 

(1.6) M(z)=A-z + V(z). 



Before going into more details we mention the recent paper LMMT | studying 
by means of the new concept of the quadratic numerical range, introduced in [LT], 
in particular the factorization properties of the transfer functions associated with 
bounded non-self-adjoint 2x2 block operator matrices. As a matter of fact, the 
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operators factorizing the transfer functions for bounded non-self-adjoint operator 



matrices have been also constructed in [ALT| and for unbounded non-self-adjoint 



operator matrices with bounded entries B and D in [LT]. The results of [ALT 



LMMT , LT | are obtained under the assumption that the spectra of A and C do 



not overlap. 

We are studying the transf er fu nction ( Oj ) , associated with the unbounded non- 
self-adjoint operator matrix (1.1) satisfying the assumptions (i) and (ii), in the case 
where the numerical range v(A) of the operator A (and in particular its spectrum 
c(A)) may have a non-empty intersection with the spectrum <j(C) of C. Notice 

that, since the resolvent of the operator H can be expressed explicitly in terms of 

-l 



M(z)] (see, e.g., [ALMSa, MS, MM]), in studying the spectral properties of 



the transfer function M one studies at the same time the spectral properties of 
the operator matrix H . 

Obviously, the transfer function (1.6), considered for z S 9(C), represents a 
holomorphic operator-valued function. (We refer to the standard definition of 
holomorphy of an operator-valued function with respect to the operator norm 
topology, see, e.g., [ALMSa].) We study the transfer function M(z) under the 
assumption that it admits analytic continuation through the absolutely continuous 
spectrum of the entry C at least in a neighborhood of the numerical range v(A) 
of the operator A. In order to present our main ideas in a more transparent form, 
we suppose, for the sake of simplicity, that the entry C only has the absolutely 
continuous spectrum, that is, 

a(C) = CTac (C). 

Section 2 includes a description of the conditions making the analytic continuation 
of M(z) through the set cr ac (C) to be possible. In Section 3 we introduce the 
nonlinear transformation equations (3.4) making a rigorous sense to the formal 
operator equation M(Z) = 0, Z 6 B(Ha)- We explicitly show that eigenvalues 



and accompanying eigenvectors of a solution Z to the equation (3.4 ) are eigenvalues 
and eigenvectors of the analytically continued transfer function M. Further, we 



prove the solvability of (3.4) under smallness conditions concerning the operator B 



and D, see (3.S). In Section4 a factorization theorem (Theorem 4.1) is proven for 
the analytically continued transfer function. This theorem implies in particular 
that there exist certain domains in C lying partly on the unphysical sheet (s) where 
the spectrum of the analytically continued transfer function is represented by the 



spectrum of the corresponding solutions to the transformation equations (3.4) 
Finally, in Section 5 we present an example. 



2. Analytic continuation 



Throughout this paper we assume that the spectrum <r(C) of the entry C is 
absolutely continuous and it fills the semiaxis [Ac, +oo). By v(A) we denote the 
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numerical range of the (bounded) operator A, 



v(A) = |(Ai,x) : x £ Ha, \\x\\ = l|. 

We suppose that the set v(A) lyes inside a neighborhood 

C^Qaijaa]) := {z £ C : dist(z, [ai, a 2 ]) < 77}, 77 > 0, 
of a finite real interval [011,0:2] C 1, ai < «2, and oi — rj > Ac- Notice that the 



numerical range v{A) is a convex set containing the spectrum cr(A) (see, e. g., [GK 
§V.6) and, moreover, 

(2.1) \\{A-zI A )- l \\ < 1 *eC\i/(A), 

dist (z,i/(A)) 



where 7,4 stands for the identity operator in Ha (see Lemma V.6.1 in |GK|). 

Let {E c (m)} m£R be the spectral family for the entry C, C = j a i C s // dEc (//) . 
Then the function V(z) can be written 

v(*) = [°° dK(v)— 

Jxc z - I 1 

with 

ff(ji) := BE c {p)D 

We assume that the function K(fi) is continuously differentiable in /1 S (Ac, +00) 
in the operator norm topology and, moreover, that it admits analytic continuation 
from the interval (Ac,/?), P > 02 + n, to a simply connected domain X> C C, 
I? D O, ; ([oi, 02]). For the continuation we keep the same notation K(/i) and by 
K'(n) denote the derivative of K . We suppose that at the points A = Ac and 
A = j3 the function K'(fi) satisfies the condition 

||K'( M )|| <c\n-\r, fi&V, 

with some c > and 7 £ (—1,0]. We also assume that the operators B and D are 
such that 

poo 

(2.2) / id/iKi + Mj-ipr'Oi)!! <oo. 



J/9 

In the following we use the notation 

:=DflC + and :=Dnr. 

Lemma 2.1. Let T/ (I — ±1) &e a rectifiable Jordan curve in T>"> resulting from 
continuous deformation of the interval (Ac,/?), the end points of this interval being 
fixed, and let T; = T/ U [/3, +00). TTien i/ie analytic continuation of the transfer 
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function M(z), z G C\ [Ac, +00), through the spectral interval (Xc,P) into the 
subdomain T>iT{) C "D"' (I = ±1) bounded by (\c,(3) and T/ is given by 



(2.3) 

where 
(2.4) 



M Tl (z) :=A-z + V rt (z) 7 



dfiK'(fi) . 

r, z — fi 



For z G 2?(r;) the function Mr, (z) may be written as 
(2.5) M r ,(z) = M(z) + 2nilzK'(z). 



Proof. The function (2.4) is well defined for z $ Ti since (2.2) holds and for any 
z G C \ Ti there exist a number c(z) > such that the estimate |(z — /i) _1 | < 

c{z) (l + |/x|) 1 (/i G T/) is valid. Then the proof of this lemma is reduced to the 
observation that the function Mr, (z) is holomorphic for z G C \ Ti and coincides 
with M(z) for z G C \ 2?(r;). The equation (2.5) is obtained from ( [2~4| ) using the 
Residue Theorem. □ 



Remark 2.2. From formula (2.5) one concludes that the transfer function M(z) 
has a Riemann surface larger than a single sheet of the spectral parameter plane. 
The sheet of the complex plane where the transfer function M(z) together with the 
resolvent (H 



is initially considered is said to be the physical sheet. Hence, 
the formula (2.5) implies that the domains and V^" 1 ^ should be placed on 

additional sheet (s) of the complex plane different from the physical sheet. Recall 
that these additional sheets are usually called unphysical sheets (see, e. g., [Rq])- 



Remark 2.3. For z G C\T;, the formula (2.4) defines values of the function Vr l (•) 
in B(Ha)- The inverse transfer function [M(z)] 1 coincides with the compressed 

where Pu A stands for the orthogonal projection on 

is holomorphic in C \ o~(H). Since Mr, (z) coincides with 
M(z) for all z G C \ T>(Ti), one concludes that [Afr, (z)] -1 exists as a bounded 
operator and is holomorphic in z at least for z G (C \ <j(H) U V{Ti). 



resolvent Pu A [H ~ 
H A - Thus, [M{z)\ 



3. The transformation equations 

Let Ti C T>^ (I = ±1) be a contour described in hypothesis of Lemma |2.l| . 
Assume that Z G B(Ha) is a bounded operator such that its spectrum a(Z) is 
separated from Ti, 

dist (a{Z),Ti) > 0. 
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Following to JMM| , [Ml], |M2| (cf. JALT| ), for such Z we introduce the "right", 
VJ?(Z), and "left", VJ?(Z), transformations respectively 



(3.1) 

and 
(3.2) 



Z(Z - ^K'i^dfi. 



Obviously, for both "right" and "left" symbols x — > and x = < 



\\v$(Z)\\ < nziisupfa + i/iDiKz-M)- 1 !!] 

per, 

x / id/iKi + H)- 1 !!^)!! <oo. 



(3.3) 



In what follows we consider the operator transformation equations on B{TLa) 
(cf. |ALT| , |MM| , |mT| [M2j) 



(3.4) 



Z = A + Vj?(Z)i ^ = [> or * = 



In particular, for x = \> the equation (3^) possesses the following characteristic 
property: If an operator Z^ is a solution of ([TJ) and u S 7Ya is an eigenvector of 
Z[>, i. c., Z^u = zu for some z G o'(Z t> ), then 

zti = Au + V^{Z > )u = Au+ I d^K'{^i)Z > {Z > - 



Au + d^K'(fi) u = Au + Vb, (z)«- 



Hence, any eigenvalue z of such an operator is automatically an eigenvalue 
for the analytically continued transfer function Mr,(-) and u is a corresponding 
eigenvector. One can easily see that a similar relation holds between the operator 
Z*, adjoint of a solution Z< to the transformation equation (3.4) for x = <, and the 
adjoint transfer function [Mr, (•)]*■ This means that, having found the solutions 
of the equations (3.4) for x — > and/or x = <, one obtains an effective means of 
studying the spectral properties of the transfer function Mr,(z), referring to well 
known facts of operator theory |GK, [kJ. 

Let Ti (I = ±1) be a contour described in the hypothesis of Lemma 2.1 and let 
the numerical range of the operator A be separated from T;, that is, 

(3.5) d(Tt) :=dist(^(2),F ; ) >0. 

Then it is obvious that the following quantity 

mm 



(3.6) 



Var~0FT,FO 



dist (^, v{A)) 



Factorization Theorem 



7 



is finite, 

i + H 



Varj(X,r,) < sup 



A Mef , dist (fi, v(A)) 

(3.7) x f Irf^Kl + lMl)- 1 !^'^)!! <oo. 

Jr, 



Hypothesis 3.1 Assume all the assumptions of Section 2 concerning the opera- 
tors A and C , and the operator-valued function K . Assume, in addition, that for 
both I = +1 and I = — 1 there are contours Ti = Ti U \/3, +oo), described in the 



hypothesis of Lemma 2.1, such that the following estimates hold true: 
(3.8) Var~(X,r ; ) < 1, VaxrfK, r,)||A|| < \ d(r,) [1 - Var~(X, T ; )] 2 . 
In t/ie following such contours Ti (A = ±1) are called admissible contours. 



It is convenient to rewrite the equations ( |3.4| ), x = < or x = >, in the equivalent 
form 

(3.9) X = V^(1+X), 

where X := Z — A. We have the following statement regarding the solvability of 
the transformation equation (ft.9|) 



Theorem 3.2. Assume Hypothesis 3.1 and let Ti (I = ±1) be an admissible 



contour. Then for each x = > and >r = < the equation ( |3.9| ) feas a solution 
G B{TLa) satisfying the estimate 

\\x„ || < r min (r ; ), 

w/iere 

r mi n(r/) := -TOfl-Var-^.rO] 
(3.10) 



i rf2 (r;) [! _ Varj(if; r i)]2 _ d(rj) va rj (tf, r,) 



Moreover, for given x — > or >f = < £/iis solution is a unique solution to the 



equation (3.9) in i/ie open ball 

{yeB(h a ) ■■ \\y\\ < 7w(r,)}, 



ere 



(3.ii) r max (r ; ) : = d(r,) - ^/var z (iif,r,)d(r,)[d(r,) + ||^||; 
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Proof. One can prove this theorem making use of Banach's Fixed Point Theorem. 



The proof is very similar to the proof of Theorem 3.1 in [HMM2] (also cf. |MM|). 
Thus we omit it. □ 



Remark 3.3. Conditions (3.8) imply that the following inequalities hold true: 



r m i„(r/) < - d(Tj) [1 - Var~(^,r ; )] < r max (r ; ) . 

Lemma 3.4. Assume Hypothesis [O . Then for given I = ±1 and x = > or x = < 

the solution X H of the equation (3.9) guaranteed by Theorem 3.2 is the same for 
any admissible contour Ti . Moreover, this solution satisfies the estimate 



\\X\\<r%>(K) 



where 



rjp(K) := inf{r min (rO : Vax^K,Ti) < 1 , u(K,Ti) > 0} 



with r m i n (Ti) given by ( |3.10[) ano 



u{K, r,) := d(Ti) [1 - Var-OFT, r ; )] 2 - 4|| A\\ Var~(#, r,). 



Proof. This statement can be proven essentially in the same way as Theorem 3.3 
in HMMfl . □ 

Therefore, for a given holomorphy domain 2?W (/ = ±1) and fixed x — > or x = < 



the solution to the equation (3.9) and the solution Z„ = A+X^ to the equation 
(3.4) do not depend on the admissible contours T;. But when the index I changes, 
Xx and can also change. For this reason we shall supply them in the following, 
when it is necessary, with the index I writing X$ and Z$ , Z® = A + X$ . 
Surely, the equations ( p!^ ) and ( |3.9[ ) are nonlinear equations and, outside the balls 
||-^|| < T max (Ti), they may, in principle, have other solutions, different from the 



X)p or the existence of which is guaranteed by Theorem |3.2| . In the following 
we only deal with the solutions or Z^ 



guaranteed by Theorem 3.2 



4. Factorization 



In this section we prove a, factorization theorem for the transfer function Mj\ (z) 
Note that this theorem resembles the corresponding statements from [MrMt, VM] 
It is an extension of Theorem 4.1 in |HMM2|. 



Theorem 4.1. Assume Hypothesis 3.1 and let T; (I — ±1) be an admissible 
contour. Let for x = > and x = < the operators x£ be the solutions of the 
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transformation equations (3.9), \\x£ ■ || < rjp^K), and Z& = A-\-X£ . Then, for 
z 6 C \ Ti, the transfer function Mr t (z) admits the factorizations 

(4.1) M ri (z) = W£ (z) (4° - *) = (4° - *) WJ?, (*), 

where W*[z), x — > or x = <, are bounded operators in TLa which read 

WUz) = I A - [ dfiK'{fi){Z^ -fi)- 1 



(I) 

r, 



= I A - ( {Z$-n)- l K'(p)dii 
Jr, 

+z f {Z^ - fi)~ l K'{fi)dfx 



(4.2) 



and 



(4.3) 



//, m addition, 

(4.4) dist (z, < d(r t )[l - Varj(if, r z )]/2, 
i/ien 

(4.5) \\Wr t (z) - I A \\ < 1 x = t>orx = « 

and i/ie operator W* (z) is boundedly invertible, that is, \\ [W* (z)] -1 \\ < oo. 

Proof. For both x = > and xr = < this statement is proven in the same way. Thus, 
we only present the proof for the "right" case x = >. 
First we prove the factorization (4.1). Note that, according to (3.1) and (3.9), 

(4.6) A = Z^-V ri (A + xW)=zi l) - [ dfxK'ifijzPiZ^ -fi)- 1 . 



Thus, in view of (2.3) and (2.4), the value of M-p t (z) can be written as 
M r ,(z) = A-z+ I dnK'{n)- 



z — pt 

= 4° -z - [ dnK'(p)(zi l) - - z) 

+z I dfiK'{fi) ' 



z — fi 

(4° - z) - [ dfiK'{fx){zg ] - fi)- l {Z« ] - z) 
+z [ dfiK'(fi)(z- ft)- 1 ^ ~ n)~ x {Z^ - z). 



10 



Hardt, Mennicken, Motovilov 



which proves the equation (4.1). The boundedness of the operator W£ (z) for 
z 6 C \ Ti is obvious. 

Further, assume that the condition (4.4) holds true. Using the triangle inequal- 
ity, it is easy to see that this condition yields 

sup \z — fi]^ 1 < 



Her, 



d(rz)[l+Varj(K, r. 



For any x G TCa, \\x\\ — 1, we have 

z = (Ax, x) + ((z — A)x, x) 

and, hence, 

M<|ji||+ inf \((z-A)x,x)\ = \\A\\ + irrf_ \z - C| = \\A\\ + dist (*, v{A)). 
11*11=1 Ceu(A) 



Then it follows from (4.4) that 



\z\<\\A\\ + -d(T l )[l-Y^~(K,Y l 



Meanwhile the estimate (2.1) implies 



(4.7) 



IKA + xW-m)- 1 !! = wiiA + iA-^xlWA-^-'l 

1 



< 



dist (fi,v(A)) - \\X^\ 



Therefore, taking in to account the definitions of d(Ti) and r m i n (Ti), and Remark 
|3.3| we find 



(4.8) 



< 



2Var J (if,r ; ) 
l + Vax^.r,) 



Using the inequality (4.7) and Remark 3.3 one also finds 



2Var~(if,r i 



sup \z — n\ 



1 + Var~(^,r ; ) MG f 
Finally, taking into account the second assumption in ( |3.8[ ), we obtain 

2Var~(AT,rO 



\W»(z)-I A \\ < 



l+Varj(K, r,) 
4 Var ~(K, r, ) { || A\\ + ± d(T, ) [1 - Var ~(K, r, )] } 

+ ^roii + varj^r,)] 2 

4Var~(^,r ; ) [d(r,) + ||I||] 

^roii + var^r,)] 2 < 
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and, thus, if z satisfies (4.4), then the operator (z) has a bounded inverse. 
The proof is complete. 



□ 



Corollary 4.2. The spectra cr(Z^) and cr(Z^') of the operators Z*' = A + X 
x = > or x = <, coincide and belong to the closed r$ (K) -neighbourhood 

O r , l)(K) (A) := {z e C : dist (z,v(A)) < r®{K)} 

of the numerical range v{A). Moreover, for any admissible contour T; these spec- 
tra coincide with a subset of the spectrum of the transfer function Mr,{-). More 
precisely, 

(4.9) a(M ri (-))nO(A.T l )=a(zi l) ) = a{Z«\ 

where 

0(i,r,):={zeC : dist(z,Kl)) <d(r/)[l-Var~(^,r ; )]/2}. 



S) 



'{I) 



Proof. This statement is an immediate consequence of the factorizations (4.1) and 
bounded invertibility of the operators (z) and W£ (z) whenever (14) holds. 



□ 



Let us indroduce the operator 



(4.10) 



nw := 



d^fi (4° - ^)~ 1 k'[h) - vT 1 , i = ±i, 



where T; stands for an admissible contour and, as before, = A + X^' where 
x = > or x = <, arc solutions of the transformation equations ( p.9[ ). It is 
obvious that fl^ does not depend on the choice of the admissible contour iy 

Theorem 4.3. The oper ators fiW (/ = ±1) possess the following properties (cf. 
]HMM1| , [MrMt| , [MM] , pVtS) , |VM| ): 



(4.11) 
(4.12) 

(4.13) 



1 

2?ri 



||0«|| 
dz [MrXz)]- 1 



< 1, 



1-JdzzlMr^z)]- 1 = (/a+OW)" 1 ^ 



where 7 stands for an arbitrary rectifiable closed contour encircling the spectrum 
o~(Z^) = a(Z^) inside the set 0{A,Ti) in the anticlockwise direction. The inte- 
gration along 7 is understood in the sense of the operator norm topology. 
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Proof. The estimate in (4.11) can be proved by using the relations (4.1) following 
the proof of the inequality (4.5). This estimate yields that the sum I A + fi'" is a 
boundedly invertible operator in TIa- 



To prove the formula (4.12) we note that by (4.1) the following factorization 
holds if z S 0(A, r,)\ (t{Z^): 



(4.14) 



[W3(z)y 



2® z 



where [Wp* (z)] 1 and [Wp (z)] 1 are holomorphic functions with values in B(H.j 

By the resolvent equation and the definition Q4.10p the product f2^(i?> — z) 
can be written as 

(4.15) n^(Z^ -z)- 1 =F 1 (z) + F 2 (z), 

where 
(4.16) 



(0 



and 
(4.17) 



F2(z) := - 



(- [ dp-£-(Z<P-ri- l K'(iM)) (Z^-z)- 1 

= (W^(z)-I A )(Z^-z)-\ 
Further, the formula ( pi. 14 ) yields 

(I A + n«) [Mr^z)]- 1 = F x {z) [W^z)]- 1 + (4° ~ z)-\ 

The function F±(z) is holomorphic inside the contour 7 C 0(A,Ti) since the 
argument /i of the integrand in ( 4.16| ) belongs to Ti and thereby 

\z-n\ > [d(T l )+VaT Z (K,T l )]/2>0, 
Thus the term Fi(;z)[Wp does not contribute to the integral 

/ d*(^ + n (,) )[M r ,(*)]- 1 



while the resolvent (Z. 



(0 



_1 gives the identity which proves (4.12). 



Similarly, to prove the first equality in (4.13) we calculate 

~ J dz{I A + ^)z[M Tl {z)]- l = 

1 
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The first integral vanishes whereas the second integral equals Z. 
equality of ( 4.13 ) can be checked in the same way. 



(0 



The second 
□ 



Corollary 4.4. Given I = ±1 the formula (4.13) implies that the operators Z { 



(0 



and Z< are similar to each other: 

(i A + n^)zi l) (Ia + qW)- 1 . 



Remark 4.5. The formulae ( 4.12 ) and ( 4.13 ) allow, in principle, to construct the 
operators (I = ±1, x = > or x = <) and, thus, to resolve the equations (3.9) 
by a contour integration of the inverse of the transfer function Mr t {z). 



Theorem 4.6. Let A be an isolated eigenvalue of Z& and, hence, of Z^ and 
Mtj(-) where Ti is an admissible contour. Denote by P^\ and the eigenpro- 

jections of the operators Z> and Z^ \ respectively, and by P$ x ^e residue of 
M Tl {z) at z = X, 



(4.18) 



P. 



(0 



■S5 / d " (Z "' 



\> or k 



and 
(4.19) 



P. 



1 

27ri 



dz [M Tl {z)]-\ 



where 7 stands for an arbitrary rectifiable closed contour going around A in the 
positive direction in a sufficiently close neighbourhood such that 7 n T/ = and no 
points of the spectrum of Mrj(-), except the eigenvalue X, lie inside 7. Then the 
following relations hold: 



(4.20) 



>(0 _ p(0 



pl\ (iA + n^y 1 = (iA + n^r 1 p 



(0 



Proof. Proof of this statement can be done in the same way as the proof of the 
relation ( 4.12| ), only the path of integration is changed. □ 



5. An example 

Let H A = 'He = L 2 (R) and C = P 2 + A c / C where P = i-^-, A c is some 

ax 

positive number, and 7c denotes the identity operator in He- It is assumed that 
the domain dom(P) is the Sobolev space W^R) and the domain dom(C) is the 
Sobolev space W| (K). The spectrum of C is absolutely continuous and fills the 
semi-axis [Ac, +00). By the operator A we understand the multiplication by a 
bounded complex-valued function a, Af = a/, / 6 Ha- 
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The operators B and D are defined on dom(B) = dom(Z?) = W% (R) by 

B = SP and D = PQ, 

where S and Q are the multiplications by bounded functions s G L2(M) and 
q G W^(R), that is, Qf = qf and Sg = sg where f,g€L 2 (R). Both 5 and D are 
densely defined closable operators. 

Notice that dom(C 1 / 2 ) = W / 2 1 (-^)- The proof of this statement is based on the 
second representation theorem for quadratic forms , see Theorem VI.2. 23 in @. It 
is similar to the proof of Proposition 2.4 in | FMM |. 

Further, we assume that the functions s and q are exponentially decreasing at 
infinity, so that the estimates 

(5.1) \s(x) | < c exp(— aoM) and \q(x) | < c exp(— aoM) (x G M) 

hold with some c > and ag > 0. 
For this example the operators B and D are given by 

where {i?p(/z)} M6 R denotes the spectral family of the selfadjoint operator P. Thus 
A = A — BD 

= A - s Lwf^ dE ^Lw^ dEp{ ^ 

= A-S f / dE P (»)Q 
Jr M + Ac 

= A- SQ + X C S{P 2 + X c I C r 1 Q- 
The operator A — SQ is the multiplication by the function 

a(x) = a(x) — s(x)q(x) 

while the term S^P 2 + Ac^c)~ 1( 2 is a compact (even Hilbert-Schmidt) operator in 
^(K)- Indeed, the inverse operator C _1 = (P 2 + Xclc) 1 is the integral operator 
whose kernel reads 

C^ 1 {x,x) = exp(-VAc \x - x'\). 

2yAc 



Thus, the double integral Jr/rI^C 1 Q)(x, x')\^dxdx' is convergent. Obviously, 

pc-'Q^x'fdxdx' < ^- iNii 2(R) ikiii 2(R) . 
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Therefore, the essential spectrum of A coincides with the range of the function a. 
In the following we assume that there are an interval [ai,tt2] C (Ac +00) with 
ot\ < OLi and a number 77 > such that all the numerical range v{A) of A lyes 
inside the domain 

O v ([a 1 ,a 2 }) := {z £ C : dist(z, [ai, a 2 ]) < i]}, V> 0, 

of a finite real interval [a\, 0:2] C K, and, moreover, a\ — rj > Ac 

It is easy to check that the spectral pojections Ec(fi) of the operator C = 
P 2 + XqI are given by the integral operator whose kernel reads 

{0 if/i<A c , 
1 r c b[W-\c)V>{x-z')] j , 
V^L (,'-Xc)^ dfl lfA1 - Ac ' 

Thus, the derivative K'(fi) is also an integral operator in L2(M). Its kernel 
K'(fi;x,x') is only nontrivial for fi > Ac and, moreover, for these fi 

(a — x W 2 

K'(fi; x, x') = l/ °> cos[( M - A c ) 1/2 (a; - x')} s(x) q{x'). 

V 27T fl 

Obviously, this kernel is degenerate for fi > Ac, 
(u — Ac) 1 / 2 

(5.2) K'(fi;x,x') = = [s + (jj,,x)q-(p r ,x') + S-(fi,x) q + (fi,x')], 

2 V Z7T fl 



where s±(fi, x) — e ±1 (m->c) 1/2 z anc j <jr ± (^ ; x) = e ±; (A'~>c) 1/2 a: g( x ). From the 
assumptions (5.1) on s and q we conclude that in the domain ± Im \/Ji — Ac < &q, 
i.e., inside the parabola 

(5.3) V = \fi e C : Rc fi > X c ~ oil + -L(Im fif 

the functions s±(fi, •) and q±(fi,-) are elements of The function K'(fi) 

admits an analytic continuation into this domain (cut along the interval Ac — as < 
M < Ac) as a holomorphic function with values in B{TLa) and the equation (5.2) 
implies that 

\\K'{fi)\\ < lj ^ r? =Pr DM* H<?-(* Oil + IM* Oil ll«+(* Oil] • 

Obviously, for fi > X c we have ||s±(p, -)|| = ||s|| and \\q±(fi, -)ll = Ikll- 

Let us make our final assumption that T> D O v {{a\, 0.2]) ■ In this case one can 
always choose a contour r = T U [/?, +00) where f3 > 012 + if and the rectifiable 
Jordan curve T d T> \ C T? ([ai,a2]) results from continuous deformation of the 
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interval (Ac, (3), the end points being fixed. Assume, in addition, that the functions 



s and q are sufficiently small in the sense that the conditions (3.8) hold. In such 
a case the contour T is an admissible contour (see Hypothesis 3.1) and, thus, one 
can apply all the statements of the Sections 3 and 4 to the corresponding transfer 
function Mr (z). 
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